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Abstract—The evolution of a Lagrangian mechanical system
is variational. Likewise, when dealing with a hybrid Lagrangian
system (a system with discontinuous impacts), the impacts can
also be described by variations. These variational impacts are
given by the so-called Weierstrass-Erdmann corner conditions.
Therefore, hybrid Lagrangian systems can be completely un-
derstood by variational principles.
Unlike typical (unconstrained / holonomic) Lagrangian sys-
tems, nonholonomically constrained Lagrangian systems are
not variational. However, by using the Lagrange-d’Alembert
principle, nonholonomic systems can be described as projections
of variational systems. This paper works out the analogous
version of the Weierstrass-Erdmann corner conditions for
nonholonomic systems and examines the billiard problem with
a rolling disk.
I. INTRODUCTION
Mechanical systems exhibiting unilateral constraints have
a rich history and are used to model many interesting and
important systems, see [1] and the over 1000 references
therein. A particular and well-studied example of these
systems is the billiard problem. This is characterized by a
particle on a table moving in straight lines and reflecting
off of the boundary by specular reflection. Some examples
where this is studied is [2], [3], [4], [5], [6] and §9.2 of [7].
Moreover, this problem has even been applied to biological
processes [8].
Contrary to the mathematical billiard problem, billiard
balls are spherical and are capable of much more complex
impacts than those following specular reflection. Cases where
the geometry of the ball are taken into consideration can
be found in [9] and [10]. Even though these study impacts
with spheres, the spheres are unconstrained before and after
impact. This misses the nonholonomic constraint imposed by
the ball rolling without slipping. Therefore, in order to fully
encapsulate the behavior of billiards, both the geometry of
the ball and the nonholonomic constraint need to be taken
into account.
This paper explores and develops a framework for working
out impacts of mechanical systems subjected to nonholo-
nomic constraints. Nonholonomic impacts as described here
fall into two categories: elastic and plastic. Elastic impacts
are taken to be variational and thus follow from a direct
application of the Weierstrass-Erdmann corner conditions
(see §4.4 of [11] or §3.5 of [1]). On the other hand, plastic
impacts are taken to be orthogonal (with respect to the kinetic
energy metric) projections onto the constraint distribution.
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To showcase the utility of nonholonomic impacts, this pa-
per concludes by studying the billiard problem of the vertical
rolling disk (henceforth referred to as a penny). This consists
of the rolling penny (which possesses two nonholonomic
constraints) freely moving on a table until it bounces off of
the table edge. Numerical simulations compare plastic and
elastic impacts for a penny on an elliptical table as well as
hint at chaotic properties of the elastic impact.
This paper is laid out as follows: Section II outlines
some preliminary notions of hybrid systems and geometric
mechanics. Section III reviews how to compute (variational)
impacts for unconstrained Lagrangian systems and Section
IV extends this to nonholonomic systems. Sections V and VI
contain the derivation of the motion for the rolling penny bil-
liard problem as well as some numerical simulations. Finally,
section VII contains possible future research directions.
II. PRELIMINARIES
In what follows, we will define and study the notion
of a nonholonomic hybrid dynamical system. This will be
done by joining the theory of hybrid dynamical systems and
geometric mechanics. This section reviews some preliminary
notions from these fields.
A. Hybrid Systems
Informally speaking, a hybrid systems is something that
exhibits both continuous and discrete dynamics, see [12] for
an extensive treatment. For our purposes, we define a hybrid
dynamical system as well as the notion of an execution as
follows, similar to [13].
Definition 2.1: The 4-tuple, (X , S, f, δ), is a hybrid dy-
namical system if:
1) X is a smooth manifold called the state-space,
2) S ⊂ X is a codimension 1 embedded manifold called
the impact surface,
3) f : X → TX is a smooth vector field, and
4) δ : S → X is a smooth map called the impact map.
Definition 2.2: An execution of (X , S, f, δ) is a tuple
(Λ, J, C) such that
1) Λ = {0, 1, 2, . . .} ⊂ N is a finite or infinite indexing
set,
2) J = {Ii}i∈Λ is a collection of intervals where if i, i+
1 ∈ Λ then Ii = [τi, τi+1] and if |Λ| = N < ∞ then
IN−1 = [τN−1, τN ] or [τN−1, τN ) or [τN−1,∞),
3) C = {ci}i∈Λ is a family of functions, ci : Ii → X such
that the following three conditions hold: (i) c˙i(t) =
f(ci(t)), (ii) ci(τi+1) ∈ S, and (iii) δ(ci(τi+1)) =
ci+1(τi+1).
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Remark 2.3: Through out the remainder of this paper, an
execution (Λ, J, C) will simply be referred to as c : ∪Ii → X
where c(t) = ci(t) when t ∈ Ii. The break points will be
denoted as c+(τi+1) = ci+1(τi+1) and c−(τi+1) = ci(τi+1).
Remark 2.4: A common issue when studying hybrid sys-
tems is the notion of a Zeno solution. This happens when
|Λ| = ∞ but limi→∞ τi < ∞. However, we will not be
concerned about this behavior here because the purpose of
this paper is to derive the impact map, δ, for nonholonomic
systems. See [13] for more on Zeno solutions.
B. Geometric Mechanics
Geometric mechanics is generally given in the Lagrangian
or Hamiltonian formalism. Here we will only be interested
in the Lagrangian picture but everything transfers to the
Hamiltonian side assuming mild conditions.
Lagrangian mechanics consists of two pieces of informa-
tion, a smooth manifold Q called the configuration space and
a smooth function L : TQ→ R called the Lagrangian func-
tion. By imposing additional assumptions on the Lagrangian,
L, we introduce various classes of Lagrangians (see [14] and
[15] for background). Before we can define these classes, we
first need the notion of the fiber derivative.
Definition 2.5: Let Q be a manifold and L ∈ C∞(TQ).
Then the map FL : TQ→ T ∗Q with vq 7→ DLq(vq) ∈ T ∗qQ
is called the fiber derivative. Here, Lq denotes the restriction
of L to the fiber over q ∈ Q.
We now introduce three classes of Lagrangians.
Definition 2.6: The Lagrangian is called:
1) regular if FL is nondegenerate at each q ∈ Q,
2) hyperregular if FL : TQ → T ∗Q is a global diffeo-
morphism, and
3) natural if L(q, v) = 1/2gq(v, v) − V (q) where (Q, g)
forms a Riemannian manifold, i.e. L is of the form
kinetic energy minus potential energy.
Notice that natural implies hyperregular which implies reg-
ular. Through out the rest of this work, all Lagrangians will
be assumed to be either hyperregular or natural. When the
Lagrangian is natural, the fiber derivative agrees with the
musical isomorphisms, ] and [.
[ : TQ→ T ∗Q, v 7→ g(v, ·),
] : T ∗Q→ TQ, ] = [−1. (1)
Nonholonomic Lagrangian systems are Lagrangian sys-
tems with a constraint distribution, ∆. The constraint dis-
tribution, ∆ ⊂ TQ, satisfies: ∆x ⊂ TxQ is a subspace. A
distribution being the same dimension everywhere is called
regular. This leads to the definition of a nonholonomic hybrid
Lagrangian.
Definition 2.7: The 4-tuple (Q,L,∆, S) is a nonholo-
nomic hybrid Lagrangian if
1) Q is a smooth manifold,
2) L : TQ→ R is a smooth Lagrangian,
3) ∆ ⊂ TQ is a smooth regular distribution, called the
constraint distribution, and
4) S ⊂ Q is a smooth embedded codimension 1 subman-
ifold, called the impact surface.
Notice that a nonholonomic hybrid Lagrangian, (Q,L,∆, S),
can be made into a hybrid dynamical system with X = ∆,
S = S, f is the equations of motion for the nonholonomic
Lagrangian, and δ is the object of study in Section IV.
III. HOLONOMIC SYSTEMS
In this section, we restrict ourselves to the special case
where ∆ = TQ. This class of systems is almost the same
as studied in [16] and [13]. The difference is that there the
impact surface is given by the level set of a smooth function
h : Q → R. However, since S is embedded, we can locally
describe S by the level set of a function. All of the following
computations will be done in local coordinates, so this will
never be an issue. For the remainder of this paper, we will
view S as locally the level set of h : Q→ R.
Due to the fact that we are studying a hybrid system, we
need to define both the continuous and impact dynamics for
(Q,L, S) (∆ is suppressed here because it is taken to be TQ
and offers no new information). The continuous dynamics are
governed by the Euler-Lagrange equations:
d
dt
∂L
∂q˙i
− ∂L
∂qi
= 0. (2)
The Euler-Lagrange equations are variational. With this
insight, we define the impact map to be variational as
well. This is realized by the Weierstrass-Erdmann corner
conditions (see §4.4 of [11] or §3.5 of [1]):
FL+ − FL− = α · dh,
L+ − 〈FL+, q˙+〉 = L− − 〈FL−, q˙−〉, (3)
where S = {q ∈ Q : h(q) = 0} and the multiplier α is set
so both equations are satisfied. These corner conditions have
a clearer interpretation in the Hamiltonian setting:
p+ = p− + α · dh,
H+ = H−.
(4)
i.e. energy at impacts is conserved and the change in momen-
tum is perpendicular to the impact surface which is precisely
specular reflection. These equations can be explicitly solved
when the system is natural. Recall that ∇h = dh] and
p = FL(q˙) = q˙[.
Theorem 3.1: Assuming that L(q, v) = 1/2gq(v, v) −
V (q) is natural, the impact map is given by (q−, q˙−) 7→
(q−, P (q−, q˙−)) where
P (q, q˙) = q˙ − 2 dh(q˙)
g(∇h,∇h)∇h. (5)
Notice that (5) matches the impact equation in [13] with the
exception of a coefficient of restitution 0 ≤ e ≤ 1. That is,
q˙+ = q˙− − (1 + e) dh(q˙
−)
g(∇h,∇h)∇h. (6)
A hybrid Lagrangian systems is completely described by (2)
and (5).
Remark 3.1: In equation (6), the case when e = 1 reduces
to the variational case (elastic). When e = 0, P becomes
the orthogonal projection (with respect to g) TQ → ker dh
(plastic).
IV. NONHOLONOMIC SYSTEMS
We now consider the general case of (Q,L,∆, S) where
∆ 6= TQ. The continuous and impact dynamics need to
be modified in the presence of these constraints. For this
section, Einstein summation notation will be used: when an
expression has a matching lower and upper index, a sum is
implied, i.e. akbk =
∑
k akb
k.
A. Continuous
We make a brief review of nonholonomic equations of
motions. For a more in-depth treatment see [17].
Let ∆ ⊂ TQ be a regular smooth distribution. This can be
realized as the kernel of a collection of linearly independent
1-forms:
∆q =
m⋂
k=1
kerωkq . (7)
Then the collection of 1-forms, {ωk}, is called the con-
straining 1-forms. In local coordinates we can write each
constraining 1-form as
ωk(q˙) = akj (q)q˙
j = 0, k = 1, . . . ,m. (8)
With this, we can determine the nonholonomic equations of
motion by the Lagrange-d’Alembert principle. In short, this
principle states that in order to impose the constraints to the
Lagrangian system, the constraining forces do no work. This
is formally defined below.
Definition 4.1: The principle
δ
∫ b
a
L(q(t), q˙(t)) dt = 0, (9)
where the virtual displacements δq are assumed to satisfy
the constraints:
akj (q)δq
j = 0, k = 1, . . . ,m, (10)
is called the Lagrange-d’Alembert principle.
The equations of motion generated by definition 4.1 will
henceforth be referred to as the dynamic nonholonomic
equations of motion.
Remark 4.2: Notice that the dynamic nonholonomic equa-
tions are different from variational nonholonomic equations
or so-called vakonomic systems. See [18] and [17] for a
comparison between these formulations. However, the dy-
namic nonholonomic equations give the correct mechanical
equations of motion.
We can use the Lagrange-d’Alembert principle to write
down the dynamic nonholonomic equations of motion (which
will look like a modified version of the Euler-Lagrange
equations). Using the fact that the m 1-forms are linearly
independent, we can choose local coordinates such the forms
have the form
ωaq = ds
a +Aaα(r, s)dr
α, a = 1, . . . ,m, (11)
where q = (r, s) ∈ Rn−m × Rm are local coordinates. In
these coordinates, the equations of motion can be expressed
as n−m second-order differential equations and m first-order
constraint equations.(
d
dt
∂L
∂r˙α
− ∂L
∂rα
)
= Aaα
(
d
dt
∂L
∂s˙a
− ∂L
∂sa
)
,
α = 1, . . . , n−m,
(12)
s˙a = −Aaαr˙α, a = 1, . . . ,m. (13)
B. Impacts
The study of constrained impacts breaks into two cate-
gories: elastic and plastic. Elastic impacts arise variationally
while plastic impacts result from a projection, essentially the
e = 1 and e = 0 cases in equation (6).
1) Elastic Impacts: Consider the variational impact equa-
tions: (
FL+ − FL−) δq = 0,(
H+ −H−) δt = 0. (14)
If the impact time is free, i.e. δt 6= 0, then this leads to
conservation of energy of the impacts which is the second
half of equation (3). The spatial variations, δq, have to
satisfy two sets of constraints: the nonholonomic constraints
ωk(δq) = 0, and the impact constraint dh(δq) = 0. This
leads to the following system of equations,
∆FL = λkωk + α · dh,
∆H = 0,
ωk(q˙+) = 0.
(15)
Proposition 4.1: Assuming L is a natural Lagrangian and
all ωk and dh are linearly independent, there exists at most
an unique nontrivial solution to (15).
Proof: Using the fact that p+ = p−+λkωk+α ·dh and
substituting this into the other constraints, we get m linear
equations and one quadratic equation.
λk〈ωk, ω`〉+ α〈dh, ω`〉 = 0, ∀`, (16)
2λk〈p−, ωk〉+ 2α〈p−, dh〉+ λiλj〈ωi, ωj〉
+ 2λkα〈ωk, dh〉+ α2〈dh, dh〉 = 0
(17)
Equation (16) can be solved such that λk = λk(α) depend
linearly on α. When this is substituted into (17), the resulting
equation is quadratic in α with zero as a solution. Therefore
it can have at most one nonzero answer.
Definition 4.3: Let (Q, g) be a Riemannian manifold and
(Q,L,∆, S) be a corresponding natural nonholonomic La-
grangian. The impact map given by Proposition 4.1 is called
the elastic nonholonomic impact map.
2) Plastic Impacts: While elastic impacts arise varia-
tionaly, plastic impacts come from projections. Given the
unconstrained impact, q˙+ = P (q, q˙), it is not generally true
that P (q, q˙) ∈ ∆. In order to enforce the constraints on q˙+,
we orthogonally project P onto the subspace ∆. This leads
to the following definition.
Definition 4.4: Let (Q, g) be a Riemannian manifold and
(Q,L,∆, S) be a corresponding natural nonholonomic La-
grangian. Denote pi∆ : TM → ∆ as the orthogonal (with
respect to g) projection onto the subspace ∆. Then, the
plastic nonholonomic impact map is given by
(q, q˙) 7→ (q, pi∆ ◦ P (q, q˙)) , (18)
where P is the variational impact in (5).
Remark 4.5: Plastic impacts are commonly used for walk-
ing robots where the foot is not allowed to bounce off of the
ground, see [19] and [20].
When the underlying Lagrangian is natural, we can deter-
mine an explicit formula for pi∆ ◦ P .
Proposition 4.2: Let ∆ be defined as (7) and W k =
(
ωk
)]
be vector fields corresponding to the constraining 1-forms.
Define the matrices
aij = ωi
(
W j
)
, (aij) =
(
aij
)−1
. (19)
Then the nonholonomic impact map is given by
q˙ 7→ q˙ − 2 dh(q˙)
g(∇h,∇h)
(∇h− aijωi(∇h)W j) . (20)
Proof: This follows from the fact that the orthogonal
projection is given by
pi∆(q˙) = q˙ − aijωi(q˙)W j , (21)
and that pi∆(q˙) = q˙ since the constraints are assumed to be
satisfied before impact.
Remark 4.6: It is interesting to see the differences be-
tween plastic and elastic impacts. Elastic impacts result
from solving all equations in (15) simultaneously. On the
other hand, plastic impacts result from first solving the two
equations ∆FL = α · dh and ∆H = 0. Once the multiplier
α is found, then the λk are found such that the constraints
are satisfied.
V. EXAMPLE: THE VERTICAL ROLLING DISK
The vertical rolling disk is a simple example for illustrat-
ing nonholonomic dynamics. We will work with the some-
what nonphysical case where the disk is not permitted to tilt.
The configuration space and local coordinates for the rolling
disk are given by q = (x, y, θ, ϕ) ∈ Q = R2 × S1 × S1,
denoting the position of the contact point, the rotation angle
of the disk, and the orientation of the disk, respectively.
A. Dynamic nonholonomic equations
The Lagrangian for the vertical disk is taken to be the
kinetic energy (no potential force will be included) i.e.
L =
1
2
m
(
x˙2 + y˙2
)
+
1
2
Iθ˙2 +
1
2
Jϕ˙2. (22)
Here, m is the mass of the disk, I is the moment of inertia
of the disk about the axis perpendicular to the plane of the
disk, and J is the moment of inertia about an axis in the
plane of the disk.
If R > 0 is the radius of the disk, the nonholonomic
constraints for rolling without slipping are
x˙ = Rθ˙ cosϕ,
y˙ = Rθ˙ sinϕ.
(23)
This can be expressed as ∆ = kerω1 ∩ kerω2 where
ω1 = dx−R (cosϕ) dθ,
ω2 = dy −R (sinϕ) dθ. (24)
The equations of motions for this (uncontrolled) system are
given by two dynamic equations and the two constraining
equations (see §1.4 of [17] for the derivation).
Jϕ¨ = 0,(
I +mR2
)
θ¨ = 0,
x˙ = Rθ˙ cosϕ,
y˙ = Rθ˙ sinϕ.
(25)
These equations can be easily integrated. Let the initial
conditions be (x0, y0, θ0, ϕ0) and call ω = ϕ˙, Ω = θ˙, which
are constants. Then, the (continuous) equations of motion are
ϕ = ωt+ ϕ0,
θ = Ωt+ θ0,
x =
Ω
ω
R sin (ωt+ ϕ0)− Ω
ω
R sinϕ0 + x0,
y = −Ω
ω
R cos (ωt+ ϕ0) +
Ω
ω
R cosϕ0 + y0.
(26)
B. Impact map
In this subsection, due to page constraints, we only derive
the plastic nonholonomic impact map. The elastic nonholo-
nomic impact map used in Section VI comes from solving
the system (15).
Consider the case where the rolling disk is constrained to a
pool table, so the disk can strike the edge of the table top and
“bounce” off. Assume that the location of the wall around
the table is given by S˜ =
{
(x, y) ∈ R2 : h(x, y) = 0} for
some smooth function h : R2 → R. Then an impact occurs
when [
x+R cosϕ
y +R sinϕ
]
∈ S˜. (27)
Using (5) to determine the (pre-) impact map, we see that
x˙+ = x˙− +
C
m
∂h
∂x
,
y˙+ = y˙− +
C
m
∂h
∂y
,
θ˙+ = θ˙−,
ϕ˙+ = ϕ˙− +
C
J
R
(
cosϕ
∂h
∂y
− sinϕ∂h
∂x
)
.
(28)
Here, the number C = C(ϕ, x˙, y˙, ϕ˙) has the value
C =
−2 [hxx˙+ hy y˙ +R (hy cosϕ− hx sinϕ) ϕ˙]
1
m
[
h2x + h
2
y
]
+ 1JR
2 (hy cosϕ− hx sinϕ)2
, (29)
where hx and hy are the x and y partial derivatives of
h. Notice that at impact the rotation angle of the disk, θ˙,
is unchanged. This is because the constraint of no sliding
has not yet been imposed. In order to apply the constraints,
we compute pi∆. The corresponding vector fields, W i, and
multiplier matrix, (aij) are
W 1 =
1
m
∂
∂x
− R
I
cosϕ
∂
∂θ
,
W 2 =
1
m
∂
∂y
− R
I
sinϕ
∂
∂θ
,
(30)
and
(aij) =
[
m−K cos2 ϕ −K sinϕ cosϕ
−K sinϕ cosϕ m−K sin2 ϕ
]
,
K =
m2R2
I +mR2
.
(31)
We can now write pi∆ as a matrix with coordinates
(x˙, y˙, θ˙, ϕ˙):
(I +mR2) · pi∆ =
[
A B
C D
]
, (32)
with each block being
A = mR2
[
cos2 ϕ sinϕ cosϕ
sinϕ cosϕ sin2 ϕ
]
,
B = IR
[
cosϕ 0
sinϕ 0
]
, C = mR
[
cosϕ sinϕ
0 0
]
,
D =
[
I 0
0 I +mR2
]
.
(33)
The impact map is then given by composing (32) with (28).
There is one last thing to discuss before we move onto
simulations of this model: what if the back end of the coin
hits the surface instead of the front? i.e.[
x−R cosϕ
y −R sinϕ
]
∈ S˜. (34)
Then the same procedure as above is carried out.
VI. NUMERICAL RESULTS
Assume that the table-top is elliptical. i.e.
h(x, y) =
x2
a2
+
y2
b2
− 1. (35)
We will also assume that the disk is homogeneous and thin
so I = 1/2mR2 and J = 1/4mR2. For the remaining
parameters, we would like R << a, b so the coin has ample
room to explore. The values are in the table below and are
chosen to be similar to a US penny.
Parameter Value
R 0.01 m
m 0.0025 kg
I 1.25 · 10−7 kg m2
J 6.25 · 10−8 kg m2
a 0.15 m or 0.20 m
b 0.20 m
TABLE I: The chosen set of parameters for the time step
example. a takes the first value for the elliptical cases and
the latter for the circular ones.
A. Plastic vs Elastic
For the simulations, Figures 1, 2, 3, and 4, the same initial
conditions are chosen: x0 = y0 = θ0 = 0, ϕ0 = pi/2,
θ˙0 = 10, and ϕ˙0 = 0.2.
Fig. 1: The first 20 impacts for the elastic impact on a circular
table.
Fig. 2: The first 20 impacts for the plastic impact on a circular
table.
B. Hints of Chaos
In addition to comparing trajectories of the elastic and
plastic impacts, we compare how changes in initial con-
ditions propagate with time. All 100 initial conditions are
taken to be those chosen in §VI-A except that θ˙0 and ϕ˙0 are
randomly perturbed by < 0.005. These results are shown in
Figure 5.
VII. CONCLUSIONS, CONTROL AND FUTURE WORK
There are two key future directions for this research. The
first is controlling hybrid nonholonomic systems. All of the
motions considered here have been uncontrolled. However,
this can be changed by modifying (25) to Jϕ¨ = u1 and (I+
mR2)θ¨ = u2 where u1 and u2 are controls. It is an object
Fig. 3: The first 20 impacts for the elastic impact on an
elliptical table.
Fig. 4: The first 20 impacts for the plastic impact on an
elliptical table.
of future work to understand controllability of the impacting
penny (it is known that the non-hybrid penny is controllable).
For example one may consider how the reachable set from
any point is related to the promixity and/or shape of the
boundary. Likewise, even though the penny is controllable,
optimal control might require impacts.
The other object of future study is to understand when and
if nonholonomic billiards are chaotic / ergodic / measure
preserving. This is not immediately clear because purely
continuous nonholonomic systems may not preserve measure
even though holonomic systems always do. However, if the
system is ergodic, then there is a plethora of dense orbits
which leads to interesting control questions.
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